A graph G = (V, E) is word-representable if there exists a word w over the alphabet V such that letters x and y alternate in w if and only if (x, y) is an edge in E.
Introduction
A graph G = (V, E) is word-representable if there exists a word w over the alphabet V such that letters x and y alternate in w if and only if (x, y) is an edge in E. For example, the cycle graph on 4 vertices labeled by 1, 2, 3 and 4 in clockwise direction can be represented by the word 14213243. There is a long line of research on word-representable graphs, which is summarized in the upcoming book [4] .
A directed graph (digraph) G = (V, E) is semi-transitive if it has no directed cycles and for any directed path v 1 v 2 · · · v k with k ≥ 4 and v i ∈ V , either v 1 v k ∈ E or v i v j ∈ E for all 1 ≤ i < j ≤ k. In the second case, when v 1 v k ∈ E, we say that v 1 v k is a shortcut. The importance of this notion is due to the following result proved in [3] .
Theorem 1 ([3]). A graph is word-representable if and only if it admits a semi-transitive orientation.
A graph is k-colorable if its vertices can be colored in at most k colors so that no pair of vertices having the same color is connected by an edge. A direct corollary to Theorem 1 is the following statement.
Theorem 2 ([3]
). All 3-colorable graphs are word-representable.
We note that, for k ≥ 4, there are examples of non-word-representable graphs that are k-colorable, but not 3-colorable. For example, the wheel W 5 on 6 vertices is such a graph.
A polyomino is a plane geometric figure formed by joining one or more equal squares edge to edge. Letting corners of squares in a polyomino be vertices, we can treat polyominoes as graphs. In particular, well-known grid graphs are obtained from polyominoes in this way. A particular class of graphs of our interest is related to convex polyominoes. A polyomino is said to be column convex if its intersection with any vertical line is convex (in other words, each column has no holes). Similarly, a polyomino is said to be row convex if its intersection with any horizontal line is convex. Finally, a polyomino is said to be convex if it is row and column convex.
We are interested in triangulations of a polyomino. Note that no triangulation is 2-colorable -at least three colors are needed to color properly a triangulation, while four colors are always enough to colour any triangulation, as it is a planar graph well-known to be 4-colorable. Not all triangulations of a polyomino are 3-colorable: for example, see Figure 1 coming from [1] for non-3-colorable triangulations, which are the only such triangulations, up to rotation, of a 3 × 3 grid graph. The main result in [1] is the following theorem.
Theorem 3 ([1]).
A triangulation of a convex polyomino is word-representable if and only if it is 3-colorable. In particular, this result holds for polyominoes of rectangular shape.
The basic idea of the proof of Theorem 3 was to show that any non-3-colorable triangulation of a convex polyomino contains a graph in Figure 1 as an induced subgraph. As is shown in [1] , Theorem 3 is not true for non-convex polyominoes.
Inspired by the elegant result recorded in Theorem 3, in this paper we consider the following variation of the problem. Polyominoes are objects formed by 1 × 1 tiles, so that induced graphs in questions have only (chordless) cycles of length 4. A generalization of such graphs is allowing domino (1 × 2 or 2 × 1) tiles to be present in polyominoes, so that in the respective induced graphs (chordless) cycles of length 6 would be allowed. We call these graphs polyominoes with domino tiles. The problem is then in characterizing those triangulations of such graphs that are word-representable. See Figure 2 for an example of a polyomino (of rectangular shape) with domino tiles (to the left) and one of its triangulations (to the right). In this paper, we are interested in triangulations of rectangular polyominoes with a single domino tile. Our main result is the following generalization of the case of rectangular shapes in Theorem 3. The first observation to make is that without loss of generality, we can assume that the single domino tile is horizontal, since otherwise, we can always rotate our rectangular polyomino 90 degrees; rotation of a shape, or taking the mirror image of it with respect to a line are called by us trivial transformations. While the strategy below to prove Theorem 4 is similar to proving Theorem 3, we have to deal with many more cases resulting in 12 (non-equivalent up to trivial transformations) non-3-colorable and non-word-representable minimal graphs (which include the graphs T 1 and T 2 in Figure 1 ) instead of just two. All these graphs, except for T 1 and T 2 , are listed in Figure 3 . Figure 3 : All minimal (non-equivalent up to trivial transformations) non-3-colorable and non-wordrepresentable graphs (except for T 1 and T 2 in Figure 1 ) for triangulations of rectangular polyominoes with a single horizontal domino tile.
The paper is organized as follows. In Section 2, we discuss non-word-representability of graphs in Figure 3 . These graphs are to be used in the proof of Theorem 4 in Section 3. Finally, in Section 4 we discuss some directions of further research.
2 Non-word-representability of graphs in Figure 3 Non-word-representability of graphs in Figure 3 can be established using the program [2] written by the first author and available at https://personal.cis.strath.ac.uk/sergey.kitaev/. It is straightforward to use the program -one simply needs to enter the adjacency matrix of a graph in question and click the button checking the word-representability of the graph.
In either case, one can also check non-word-representability of any graph in Figure 3 using semitransitive orientations, similarly to the way non-representability of T 1 and T 2 in Figure 1 was shown in [1] . We will demonstrate this approach on the graph B 1 in Figure 3 leaving this as an exercise for the interested reader to go through similar arguments for the other graphs.
As is noted in [1] , for any of the partial orientations of the 3-or 4-cycles given in Figure 4 , there is a unique way of completing these orientations, also shown in Figure 4 , so that oriented cycles and shortcuts are avoided. This stays true in the context of our graphs, where, although each 4-cycle is triangulated, it is never a part of a K 4 , which does admit an alternative semi-transitive (in fact, transitive) orientation completion. We use the following terminology. Complete XYW(Z) refers to completing the orientations on cycle XY W (Z) according to the respective cases in Figure 4 , or the situation when 3 out of 4 edges in a 4-cycle have been oriented, which uniquely determines the orientation of the remaining edge. Instances in which it is not possible to uniquely determine orientations of any additional edges in a graph in question are referred to as Branching XY. Here, one picks a new, still non-oriented edge (X, Y ) of the graph and assigns the orientation X → Y , while at the same time one makes a copy of the graph with its partial orientations and assigns orientation Y → X to the edge (X, Y ). The new copy is named and examined later on. Our terminology and relevant abbreviations are summarized in Table 1 .
Abbreviation Operation
B Branch NC Obtain a new partially oriented copy of the graph in quesiton C Complete MC Move to a copy S Obtain a shortcut Table 1 : List of used operations and their abbreviations.
We now exhaustively search for possible semi-transitive orientations of B 1 . Without loss of generality, the first orientation of an edge in B 1 can be picked at random (this is because whenever an oriented graph contains a shortcut, then so does the graph in which all orientations are reversed). The following procedure proves that any orientation of B 1 necessarily results in a shortcut or a cycle.
Label B 1 as shown in Figure 5 , and name A the first copy of B 1 with the single edge 2 → 3 oriented. Now, carry out the following operations. • B 36 (NC B, see Figure 5 ), C 236, C2365, B 57 (NC C, see Figure 5 ), C 257, C 2574, B 95 (NC D, see Figure 5 ), C 6259, C 7598, S 2587.
• MC D, C 2695, C 5698, C 5987, S 2587.
• MC C, C 2657, C 2587, C8569, C 5269, S 7895.
• MC B, B 56 (NC E, see Figure 5 ), C 2365, B 95 (NC F , see Figure 5 ), C 9526, B 75 (NC G, see Figure 5 ), there is no way to complete 7562 without creating a cycle or a shortcut.
• MC G, C 9578, C 5698, C 2587, S 5627.
• MC F , B 75 (NC H, see Figure 5 ), C 7524, C 7562, C 7598, C 7852, C 6589, S 5269.
• MC H, B 72 (NC I, see Figure 5 ), C 2756, C 6259, C 5698, C 7598, S 5872.
• MC I, C 2756, C 6259, C 5278, C 8569, S 5987.
• MC E, B 57 (NC J, see Figure 5 ), C 6572, C 2574, C 6259, C 9578, C 5698, S 2587.
• MC J, B 72 (NC K, see Figure 5 ), C 2756, C 6259, C 7258, C 8759, S 6985.
• MC K, C 2756, B 58 (NC L, see Figure 5 ), C 7258, C 6589, C5789, S 2695.
• MC L, C 7258, C 8759, C 6589, S 2695.
Hence, the graph B 1 is not word-representable.
Triangulations of a rectangular polyomino with a single domino tile
Let S be the set of all graphs formed by rotations of the graphs in Figure 1 by degrees multiple to 90 • and rotations of the graphs in Figure 3 by degrees multiple to 180 • (only horizontal domino tiles are of interest to us).
Lemma 1.
A triangulation T of a rectangular polyomino with a single domino tile is 3-colorable if and only if it does not contain a graph from S as an induced subgraph.
Proof. If T contains a graph from S as an induced subgraph, then it is obviously not 3-colorable.
For the opposite directions, suppose that T is not 3-colorable. We note that fixing colors of the left-most top vertex in T and the vertex right below it determines uniquely colours in the top two rows of T (a row is a horizontal path) if we are to use colors in {1, 2, 3} and keep all other vertices of T uncolored. We continue to color all other vertices of T , row by row, from left to right using any of the available colors in {1, 2, 3}. At some point, color 4 must be used (T is not 3-colorable) to color, say, vertex v.
There are only eight possible different situations when this can happen, which are presented in Figure 6 (numbers in this figure are colors) . In that figure, the shaded area indicates schematically already colored vertices of T , the question mark shows a still non-colored vertex, and the colors adjacent to v are fixed in a particular way without loss of generality (we can re-name already used colors if needed). A particular property in all cases is that among the colors of neighbours of v, we meet all the colors in {1, 2, 3}. Also, by our procedure, v must be in row i from above, where i ≥ 3, since the first two rows of any triangulation in question can be colored in three colors.
Situation S 1 . We can assume that the vertices colored 1 and 2 are not in the leftmost coloumn, because otherwise instead of color 1 we could use color 3, and there would be no need to use color 4 for coloring v. Further, note that in the case when the vertex v is involved in a subgraph presented schematically to the left in Figure 7 (the question marks there indicate that triangulations of respective squares are unknown to us), such a subgraph must be either T 1 or T 2 . Indeed, otherwise, the subgraph must be one of the four graphs presented in Figure 7 to the right of the leftmost graph. However, in each of the four cases, we have a vertex labeled by * that would require color 4 contradicting the fact that v is supposed to be the only vertex colored by 4. The last observation leaves us with 12 possible subcases to be considered: Four subcases presented in Figure 8 , where coloring of vertices is shown, and ten subcases, A 1 -A 8 , presented in Figure 3 , where the colors of vertices are omitted (in each of these graphs, the vertex v is the rightmost vertex on the bottom row). However, the graphs in Figure 8 , from left to right, are, respectively:
• A 3 flipped with respect to a horizontal line;
• A 1 flipped with respect to a horizontal line;
• A 1 rotated 180 degrees;
• A 3 rotated 180 degrees.
Situation S 2 . Note that in the case when the vertex v is involved in a subgraph presented schematically to the left in Figure 9 (the question marks there indicate that triangulations of respective squares are unknown to us), such a subgraph must be either T 1 or T 2 . Indeed, otherwise, the subgraph must be one of the two graphs presented in Figure 9 to the right of the leftmost graph. However, in each of the two cases, we have a vertex labeled by * that would require color 4 contradicting the fact that v is supposed to be the only vertex colored by 4. But then we have four possible subcases to be considered, which are presented in Figure 10 , where coloring of vertices is shown. However, the graphs in Figure 10 , from left to right, are, respectively: • A 4 flipped with respect to a horizontal line;
• A 2 flipped with respect to a horizontal line;
• A 4 rotated 180 degrees;
• A 2 rotated 180 degrees. Situation S 3 . Note that in the case when the vertex v is involved in a subgraph presented schematically to the left in Figure 11 (the question marks there indicate that triangulations of respective squares are unknown to us), such a subgraph must be either T 1 or T 2 . Indeed, otherwise, the subgraph must be one of the two graphs presented in Figure 11 to the right of the leftmost graph. However, in each of the two cases, we have a vertex labeled by * that would require color 4 contradicting the fact that v is supposed to be the only vertex colored by 4. But then we have six possible subcases to be considered: Four subcases are presented in Figure 12 , where coloring of vertices is shown, and two subcases correspond to B 1 rotated 180 degrees, and B 2 flipped with respect to a horizontal line; B 1 and B 2 are presented in Figure 3 , where the colors of vertices are omitted (the vertex v corresponds to the middle vertex on the top row in each of the graphs). However, the graphs in Figure 12 are, respectively, A 9 , A 10 , A 8 and A 6 flipped with respect to a vertical line.
Situation S 4 . In this case, we have only two subcases, namely, B 1 and B 2 in Figure 3 . Indeed, two other situations presented in Figure 13 are impossible (the vertices labeled by * there require color 4 contradicting our choice of v).
Situation S 5 . In this case, we have two possible and two impossible subcases presented in Figure 14 . The rightmost two graphs in that figure are impossible because the vertices labeled by * require color 4. ? ? On the other hand, the leftmost two graphs are 3-colorable, which forces us to consider their extensions, namely, larger subgraphs in the situation S 5 . Note that if there would be no other vertices to the left of the leftmost two graphs in Figure 14 , we could swap colors 2 and 3 in the bottom row to see that usage of color 4 for v is unnecessary. Thus, we can consider extensions of these graphs to the left. The leftmost graph in Figure 14 has two possible extensions recorded as the two leftmost graphs in Figure 15 (colors are omitted in that figure), and two impossible extensions (because of the issue with using color 4 more than once indicated by *) -see the leftmost two graphs in Figure 16 . Finally, next to the leftmost graph in Figure 14 has two possible extensions recorded as the two rightmost graphs in Figure 15 (colors are omitted in that figure), and two impossible extensions (because of the issue with using color 4 more than once indicated by *) -see the rightmost two graphs in Figure 16 . However, the graphs in Figure 15 , from left to right, contain, respectively, the following graphs from Figure 3 as induced subgraphs:
• A 7 flipped with respect to a horizontal line;
• A 1 flipped with respect to a vertical line;
• A 2 flipped with respect to a vertical line;
• A 6 rotated 180 degrees.
Situation S 6 . This situation is the same as situation S 4 , since in both cases we have the same graph with three different colors in the top row.
Situation S 7 . Note that the subcases in Figure 17 are not possible in this case, because the vertices labeled by * require usage of color 4 contradicting the choice of the vertex v. Thus, in this situation, we only have two subcases obtained from A 6 and A 7 in Figure 3 , respectively, by flipping with respect to a horizontal line, and rotating 180 degrees.
Situation S 8 . We either have a copy of B 1 or B 2 flipped with respect to a vertical line, or we have one of the two subcases presented in Figure 18 . Note that we can assume in Figure 18 that the vertices colored by 1 (without loss of generality) are indeed of the same color, since otherwise we would have the situation similar to that in Figure 13 , which is impossible. However, that means that the vertex v colored in 4 is not in the leftmost column, and we can consider eight subcases of extending the graphs in Figure 18 to the left: four extensions of the leftmost (resp., rightmost) graph are presented in Figure 19 (resp., Figure 20 ). Regarding the four graphs in Figure 19 considered from left to right one by one:
• Contains a copy of A 8 flipped with respect to a horizontal line.
• Contains a copy of A 3 flipped with respect to a vertical line.
• Contains a vertex marked by * that requires colour 4; thus this situation is impossible because of our choice of the vertex v.
• If the bottom leftmost vertex coloured by 2 would be in the leftmost column, we could colour it by 1, and usage of colour 4 for colouring v would be unnecessary. Thus, the graph can be extended to the left, and out of four possible extensions, two contain (rotated) copies of T 1 or T 2 , while the other two presented in Figure 21 are simply impossible, because they contain a vertex, marked by *, requiring colour 4.
Regarding the four graphs in Figure 20 considered from left to right one by one:
• Contains a copy of A 4 flipped with respect to a vertical line.
• Contains a copy of A 5 rotated 180 degrees.
• If the bottom leftmost vertex coloured by 2 would be in the leftmost column, we could colour it by 1, and usage of colour 4 for colouring v would be unnecessary. Thus, the graph can be extended to the left, and out of four possible extensions, two contain (rotated) copies of T 2 , while the other two presented in Figure 22 are simply impossible, because they contain a vertex, marked by *, requiring colour 4.
Thus, we proved, that if a triangulation of a rectangular polyomino with a single domino tile is not 3-colorable, then it must contain a graph from S as an induced subgraph.
Theorem 4 now follows from Lemma 1 taking into account the fact that all graphs in S are nonword-representable. 
Directions of further research
Natural directions of further research are as follows.
• Does Theorem 4 hold if we allow more than one domino tiles? Note that using current approach, the analysis involved seems to require too many cases to be considered. In either case, the problem has the following particular subproblem:
-Does Theorem 4 hold if we allow just horizontal domino tiles (equivalently, just vertical domino tiles)?
• Does Theorem 4 hold if the domino tile is placed on other, not necessarily rectangular, convex polyominoes? What about allowing more than one domino tile to be used? Note that the same counterexample as in [1] can be used to show that Theorem 4 does not hold for non-convex polyominoes. 
